We provide an action for self-dual Yang-Mills theory which is a simple truncation of the usual Yang-Mills action. Only vertices that violate helicity conservation maximally are included. One-loop amplitudes in the self-dual theory then follow as a subset of the Yang-Mills ones. In light-cone gauges this action is almost identical to previously proposed actions, but in this formulation the vanishing of all higher-loop amplitudes is obvious; the explicit perturbative S-matrix is known. Similar results apply to gravity.
Introduction
Certain S-matrix amplitudes in the high-energy, or massless, limit of quantum chromodynamics take a particularly simple form both at tree and one-loop level.
These amplitudes describe processes where (almost) all external out-going lines possess the same helicity. Such single-helicity configurations have a natural interpretation in terms of the scattering of a self-dual gauge field.
Specifically, the n-point gluon tree amplitudes with all, or all but one, helicities the same vanish (as implied by a supersymmetric identity [1, 2] ). Those with two helicities opposite, the Parke-Taylor amplitudes, have the momentum dependence [3] A tree n (g 
We have written the result in a color-ordered form and used the twistor language [4] , also known as spinor helicity [5] , to express the helicities and on-shell massless momenta. All quantities are written in terms of two-component SL(2,C) (Weyl) spinors; in both matrix and (van der Waerden) index notation we have for p 2 = k 2 = 0,
where a four-vector is represented as a 2×2 matrix (whose determinant is the usual Lorentz square). The amplitude with the opposite helicity configuration is found by complex conjugation.
Furthermore, the leading-color component of the n-point one-loop gluon amplitudes with all helicities the same has the simple dependence [6] A [1] n;1 (g
where the sum is over cyclic orderings of any four numbers i, j, k, l in the range 1 to n. The non-leading-color component is a sum of permutations of the leading term [7] . (We refer the reader to [2, 8] for a detailed discussion on the techniques used in calculating tree and loop amplitudes in gauge theories.) In a supersymmetric theory the corresponding gluon amplitude vanishes to all orders in perturbation theory. The loop amplitudes (3) have only two-particle poles and no cuts, and thus resemble tree graphs. The absence of cuts is due to the vanishing of the on-shell maximally helicity violating (MHV) tree amplitudes appearing in the Cutkosky rules. No higher-loop amplitudes in pure Yang-Mills theory have these simple features; the cuts of twoor more-loop amplitudes are proportional to phase space integrals of non-vanishing lower-order amplitudes.
Bardeen [9] proposed that the simple form of these amplitudes could be derived from a self-dual Yang-Mills theory. Previously one of us had pointed out [10] that the light-cone [11] superspace action for self-dual N = 4 super Yang-Mills theory is a truncation of the corresponding non-self-dual action [12] to chiral terms, and had given a Lorentz covariant component action that generates it. In this paper we show that the self-dual theory based on the chiral truncation gives the subset of the YangMills light-cone vertices that are maximally helicity violating. The S-matrices derived in our formulation of self-dual Yang-Mills theory are automatically the subset of those in light-cone Yang-Mills theory consisting of amplitudes of 1 − l gluons with helicity −1 and all the rest +1, where l is the number of loops. Explicitly, they consist of (1) the tree graphs with one helicity −1 and all the rest +1, (2) the one-loop graphs with all helicities +1, and (3) no graphs at all at two or more loops.
The two physical polarizations of the gauge field in the light-cone action are represented in our formulation by the highest and lowest components of a chiral superfield, as defined in the N = 4 light-cone supersymmetric action given below or its N=0,1,2 truncations. Both fields appear in the theory's truncation to self-dual form.
However, the self-dual action given here is not identical to previous self-dual actions [11, 13, 14] , which have the field content of only one of the two physical polarizations. Specifically, as required by Lorentz covariance, the light-cone Yang-Mills field has two transverse components describing the two helicities, which are present in both the self-dual and non-self-dual theories. In the self-dual theory one of the two components appears only linearly in the classical action, and thus to order 1 − l in perturbation theory.
In the following section we derive the self-dual action by truncation of the usual Yang-Mills action in the light-cone formalism. We prove this action describes selfduality and that the truncation preserves Lorentz covariance, by deriving it from a Lorentz-covariant self-dual form in a way that is exact within perturbation theory.
In section 3 we compare our action with other actions proposed to describe self-dual Yang-Mills theory. The other actions, unlike ours, are not Lorentz covariant, have a dimensionful coupling constant, and at more than one loop generate diagrams that do not relate to Yang-Mills theory. Finally, in section 4 we speculate on relations to anomalies and string theory.
N=4 supersymmetry and self-dual lagrangians
We first consider the light-cone action for N = 4 supersymmetric Yang-Mills theory [12] ; the reduction to pure Yang-Mills theory is achieved by simply dropping the lower-spin fields.
We adopt the notation of [15] , so that all quantities are written in terms of SL(2,C) two-component spinor indices. In the light-cone formalism the field content of the N = 4 vector multiplet is described by a complex chiral superfield whose components contain only the physical states. The chiral superfields relevant to N = 4 light-cone superspace are defined by the chirality condition
in terms of the anticommuting derivatives
Here a is a four-valued index of the internal SU(4) symmetry of N=4 supersymmetry, and we adopt the normalization d 4 θ θ 4 = 1. In addition, we impose the "reality"
Expanding φ in θ a gives the various component fields, but only those corresponding to physical polarizations. In N = 4 light-cone superspace, φ and d 4 θ have helicity assignments 1,-2 respectively (and opposite for the conjugates). The θ expansion of φ is an expansion in the component fields of helicity equal to 1 minus half the order in θ; there are 1,4,6,4,1 fields possessing helicity +1,+1/2,0,-1/2,-1.
The N = 4 light-cone action can be written simply in light-cone superspace [12] as S = S 2 + S 3,c + S 3,c + S 4 (7a)
where S 3,c is the complex conjugate of S 3,c . (
Further, S 2 is real because φ satisfies the reality condition (6) . Using this constraint the action may be written with only d 4 θd 4θ in a way where reality is manifest. We have further written φ in matrix notation with Hermitian group generators.
The usual transverse components A ± .
∓ of the gauge fields appear in φ as
The two circular polarizations of the gauge fields then reduce to particle and antiparticle assignments of the complex field A
The total helicity of the external fields at any vertex in the action (7) follows from counting the powers of φ and θ: S 2 and S 4 have total helicity 0, S 3,c has +1, and S 3,c has −1. (Since total angular momentum is conserved, the helicity may alternatively be read off from the spacetime derivatives, which give the orbital angular momentum.) The vertex which gives the maximal helicity violation is S 3,c , while S 3,c gives the minimal (negative) violation. Consider the truncation to S 2 and S 3,c :
The θ expansion generates all of the (3-point) couplings between the N = 4 matter fields in which the total out-going helicity is one; it generates Feynman diagrams, and amplitudes, possessing maximal helicity violation when regarded as a subset of the complete Lagrangian (7). In the supersymmetric form (9), we may replace φ bŷ φ since there is noθ dependence.
Upon further reduction to just the non-supersymmetric Yang-Mills fields, the action (9) becomes
We have written the fields as they naturally appear in the θ expansion of φ: φ + is the lowest component and φ − is the highest. This results in a Jacobian factor of one in
− to φ − , where the complex fields are formally treated as independent. Since φ − appears only linearly in both terms in (10) , it can be used to count loops; the number of external φ − lines is just 1 − l. (It can absorb the factor 1/h multiplying the action in the functional integral, just like the dilaton in string theory.) Note that the action (10) does not require a dimensionful coupling constant; φ − and φ + have mass dimensions 0 and 2.
Thus, the action (10) is unable to generate diagrams with external φ − lines except at tree level, in which case only one external φ − state is possible. The one-loop contributions generate the amplitudes (2), as seen upon comparison with the pure Yang-Mills sector of the non-self-dual light-cone theory (7) . The other vertices in the YM action (7) are quadratic in φ − , and thus generate contributions to S-matrices with more external lines of helicity −1 (i.e., amplitudes that are not MHV). There are no further loop corrections to the S-matrix from the action (10) . Furthermore, as we will prove below, this action can be obtained by quantization of an action that describes self-dual Yang-Mills theory in a manifestly Lorentz covariant way.
(The MHV gluon amplitudes calculated in the supersymmetric theory (9) vanish to all orders in perturbation theory [1, 2] . The S-matrix of external gauge bosons is trivial in this case, although there are non-vanishing contributions to amplitudes between lower-spin fields.)
Self-dual Yang-Mills theory is defined only in four spacetime dimensions, and because of reality properties, only with an even number of time dimensions. If we include spinors (twistors or physical fermions), then only 2+2 dimensions is allowed because 4+0 has no Majorana spinors. (This is also the case relevant to the N = 2 string [16] .) However, we are interested in using the self-dual theory to describe a sector of the physical (non-self-dual) theory, which resides in 3+1 dimensions. We now briefly clarify the differences between the actions (9-10) in spacetimes with these two signatures. In 3+1 dimensions the fields φ andφ are treated asymmetrically -they are complex conjugates, as are θ a andθ a , while A We complete our discussion of the light-cone self-dual actions in (9-10) by giving a manifestly Lorentz covariant theory which reproduces them upon going to the light-cone. We start with the N=4 supersymmetric self-dual action [10]
The field G αβ is an anti-self-dual Lagrange multiplier (which has mass dimension 2); the anti-self-dual part of the Yang-Mills field strength is
All the components are related by N=4 supersymmetry; when truncated to N≤2
super Yang-Mills theories, the fields form two separate multiplets.
The action can be reduced to the light-cone form at the quantum level. We only examine here the non-supersymmetric gauge sector, S =
which classically choose only the self-dual part F . 
where explicitly
We first choose the light-cone gauge A + . + = 0; as usual, the Faddeev-Popov ghosts decouple. In this gauge the G −− term has only an Abelian component,
and may also be functionally integrated out; this enforces A 
and can be solved to give the final expression for the gauge potentials
We are left with the L lc ++ term; upon relabelling G ++ = iφ − we find the action (9). The manipulations we have just performed are exact within perturbation theory, and prove the equality of the covariant (11) and light-cone (10) forms of the S-matrix elements to all orders, in the gauge sector. The complex-conjugate Lagrangian may be derived using an (anti-) self-dual covariant action, i.e., with dotted and undotted indices reversed in (11) . (As usual, we freely invert the "spatial" derivative ∂ Finally, we make a few remarks about how helicity is defined and its relation in the self-dual and non-self-dual actions. The simplest way to define helicity is in terms of field strengths. This method is not only Lorentz and gauge covariant, but also applies to interacting states. For example, F . 
in terms of some scalar twistor-space functions f ± . These expressions have close (20) on shell. In the LMP-type light-cone gauge for self-dual Yang-Mills we have
In 2+2 dimensions, we have the freedom to scale p α and p . 
This makes Feynman graph calculations in the self-dual theory almost indistinguishable from twistor calculations, since noncovariant vertex factors p + .
α can be replaced with covariant twistors p .
α after being expressed in terms of (on-shell) external momenta.
Relations to other proposed self-dual actions
Except for the θ integration, the above truncated N=4 light-cone action (9) is the one proposed by Leznov and Mukhtarov, and Parkes (LMP) [11] to describe self-dual Yang-Mills theory,
However, the action we use has several important differences. The most important is that, after truncation to the non-supersymmetric Yang-Mills sector, we have two polarizations, as required for Lorentz invariance, not one. In the kinetic term the lowest order in θ component of the superfield φ (helicity +1) couples to the highest one (helicity -1).
The fact that the LMP action has only one field has two immediate consequences: (1) The LMP action is not Lorentz invariant, not even in a hidden way. (2) The coupling constant in the LMP action has the wrong (engineering) dimension. The above N=4 action, and its φ ± truncation, have neither of these problems.
We now compare the S-matrices of our action to those of the LMP action in the non-supersymmetric case. (The supersymmetric forms are almost trivial since all loop amplitudes vanish for both theories.) (1) In our case the propagator has a "+" at one end and a "−" at the other; the vertex has 2 +'s and a −. In the LMP case no lines are distinguished. (2) There is no difference at the tree level, since tree S-matrices vanish, except for the 3-point vertex, which is non-vanishing in 2+2 dimensions. (In 3+1, kinematic constraints force it to vanish.) The threepoint contribution is indistinguishable in the two theories because of the symmetry of the vertex, and because the normalization can be absorbed by a redefinition of the coupling or of φ − . (3) At the 1-loop level the LMP action gives the same result except for an additional factor of 1/2, since there is only one field and not two. As usual for one-loop graphs, this normalization cannot be modified. (4) At higher loops all graphs vanish for our action. There is no such implication for the LMP action, which apparently has higher-loop contributions.
Another action to compare against is that proposed by Donaldson, and Nair and Schiff [14] , based on Yang's [13] form of the self-dual equations (YDNS). We find a similar action from the above covariant form (11) 
Integrating out G 
where Q is a BRST-like operator, which acts in the same way as a derivative or variation. The action may be re-organized as
We next perform two successive field redefinitions on the ghosts, the Jacobians of which are trivial (δ 4 (0) and constant terms, respectively),
and obtain the contribution
This ghost term may be path-integrated out since it is algebraic. The final expression for the potential is
The resulting action comes from the L lc +− term, and gives the Yang field equation, but from a two-field action
This action thus also gives S-matrices equal to those of non-self-dual Yang-Mills theory restricted to certain helicities.
On the other hand, the YDNS action gives S-matrices that disagree in the same way as described above for the LMP action. The YDNS action gives the same field equations as (32), but in terms of one field instead of two:
where we have used the covariant variation ∆φ. (Using the covariant variation instead of the naive one just introduces another trivial determinant.) The one-loop S-matrix is expressed in terms of the one-loop effective action, which is the determinant of the second functional derivative of the classical action:
We have thus proven the equivalence of our modifications of the LMP and YDNS actions, and that the original LMP and YDNS actions give the same one-loop Smatrices (both differing from ours by a factor of 1/2).
The YDNS action has also been proposed to describe the N=2 (open) string [16] . However, it is also possible to interpret that string in terms of our two-field modification of that action: States in that string in different pictures are usually interpreted as the same state, since their couplings are the same. However, in ordinary QCD we know maximally helicity violating couplings are helicity independent. If we use helicity (i.e., Lorentz transformations) to distinguish otherwise-identical states [17] , then (at least) two different states appear in Lorentz invariant amplitudes.
Similar remarks can be made regarding gravity. The analog of the YDNS action for self-dual gravity, the Plebański action [18] , must be modified to contain the fields describing both ±2 helicities. The light-cone action for gravity [20] can easily be truncated for maximal helicity violation to give the analog of the LMP action [19] ; the infinite number of terms reduce to one interaction plus the kinetic term. All the other terms generate amplitudes which contain at least one more negative-helicity external state.
Remarks made in the introduction carry over to the gravitational case. As with Yang-Mills theory, the MHV graviton scattering amplitudes vanish at tree level and must be cut-free at one loop. However, the all-plus one-loop scattering amplitudes have not been calculated beyond four-point [21] ; complete solutions to the self-dual theory, unlike SDYM, are not known explicitly.
Discussion
Bardeen has conjectured that these amplitudes are related to anomalies. The effective action for our self-dual theory receives contributions only at one loop. A possible candidate for this one-loop contribution is the trace anomaly, which leads to very simple effective actions in two-dimensional theories. For example, in the Schwinger model a fermion loop generates exactly F −1 F for the effective action.
The 4D analog would be F ǫ F/ǫ = F 2 /ǫ + F (ln )F , where the divergent term vanishes upon integration for self-dual F (and is gauge covariant). We have been unable to verify, however, that the latter term is in fact the complete effective action.
Another, more interesting, possibility is that the one-loop contribution might be generated by a local term in the effective action through the introduction of extra fields. This also has an analog in the Schwinger model, where the fermion's contribution to S eff [A] may be reproduced by introducing an extra scalar field (the fermionanti-fermion condensate that comes from bosonization), resulting in the Stueckelberg action for a massive vector.
The existence of a local term is suggested not only by the appearance of only poles in the one-loop S-matrices, but by string theory: The N=2 open string is known to describe self-dual Yang-Mills theory [12] (or its supersymmetric generalizations [15] ).
One-loop diagrams in open-string theory are equivalent to tree graphs in the combined theory of open and closed strings [22] . In the one-loop planar graph, the loop can be pulled out to represent a closed string propagator connecting an open string tree to the vacuum; the one-loop double-twisted graph can be stretched to produce a closed string propagator connecting two open string trees. This suggests the introduction of fields without physical polarizations to represent the closed string. A likely candidate would be a dilaton, namely the Weyl scale mode of the metric, which in ordinary gravity has no physical degrees of freedom (although it has a nontrivial kinetic term).
Also, it couples to the trace of the energy-momentum tensor, which relates to the previous conjecture concerning the trace anomaly.
Explicit calculations in string theory [23] , however, have indicated the vanishing of all one-loop graphs with more than three external lines in all N=2 string theories.
These string results are in direct contradiction with field theory. This suggests some subtlety was missed, possibly signalling the presence of an anomaly in the worldsheet theory describing the string.
NOTE ADDED
After this work was completed, Cangemi [24] showed by explicit calculation that the light-cone action for self-dual Yang-Mills theory gives the one-loop S-matrices for ordinary Yang-Mills theory with all external helicities the same.
